ABSTRACT. The eigenvalue problem in difference equations, (--1)n-kAny(t) A -l:,=o p()',(), with y(0) 0, 0 < < k, Ak+iy(T + 1) 0, 0 _< < n k, is examined. Under suitable conditions on the coefficients Pi, it is shown that the smallest positive eigenvalue is a decreasing function of T. As a consequence, results concerning the first focal point for the boundary value problem with A are obtained.
INTRODUCTION
Let k and n be integers with <_ k < n. For functions y defined on an interval of integers, define the difference operator A by Ay y, Ay(t) y(t + 1) y(t), and zy A(Z-ly) for > 1. We shall be concerned first with the eigenvalue problem for difference equations k-I (--1)"-kA"y(t) A 'pi(t)Zy(t), 0 < < T, Next, we will consider the boundary value problem (1.2), k-1 (--1)"-A"y(t) -pi(t)Aiy(t), 0 <_ <_ T.
(
If there is a nontrivial solution of (1.3), (1.2), then T is said to be a (k,n k)-focal point of (1.3) . The smallest such T is called the first (k,n k)-focal point, or, more briefly, the first focal point.
The results concerning the monotonicity of the eigenvalue will be used to investigate relationships between the existence of first (k, n k)-focal points of (1.3) and the existence of solutions of (1. [13] . We also mention papers by Eloe [14] and Eloe and Henderson [151 which examine criteria for disfocality of difference equations, two papers by Henderson [16, 17] on focal boundary value problems for nonlinear difference equations, and a paper by Henderson and Lee [18] on continuous dependence and differentiation of solutions of difference equations. Much of our motivation for this study are the works of Keener and Travis [19] , Schmitt and Smith [20] , and Tomastik [21] .
In section 2, we include preliminary notation, and fundamental results from the theory of cones in a Banach space. In section 3, we show, under suitable assumptions on the coefficients Pi, that the smallest positive eigenvalue of (1.1), (1.2) decreases with T. This will lead to results concerning the first focal point of (1.3), (1.2).
PRELIMINARIES
In this section, we give definitions and auxiliary results from cone theory. Much of the discussion in this section involving the theory of cones in a Banach space arises from results in Krasnosel'skii"s book [22] . Other good references include Kren and Rutman [23] , and Deimling [24] . 
EIGENVALUES AND FOCAL POINTS
Our main objective in this section is to describe how the smallest positive eigenvalue of (1.1), (1.2) changes with T. We will transform these questions about the eigenvalue into questions about the spectral radius of certain operators on a Banach space, and then apply the cone theory. We assume that p,(t) > 0 for > 0, 0 < < k 1. 6 -[k-i,T + k-i], 0 < < k-11, and Kr is reproducing.
We will begin by showing r(Lr) is nondecreasing; that is, we will show r(Lr_) < r(Lr). Let z 6_ KT and regard LT-I as an operator on BT. Then
AtLrx(t), O<t<T-1.
We can repeatedly sum both sides of ALr_Ix(t) <_ ALTx(t) and use the boundary conditions to show that A'LT_z(t) < ALTZ(t) for 0 < < T + k-i, 0 < < k-1. Then LT-< LT with respect to KT and by Theorem 2.2, r(Lr_) < r(Lr). 
ALTy(t), O<_t<_T-1.
Using the boundary conditions at 0, we obtain LTy-LT-y G K. Hence PROOF. By Theorem 3.1, r(Lro) > 0 and r(Lr,) is an eigenvalue of LT,. From the correspondence between eigenpairs of the eigenvalue problem and Lro, we see that 1/r(Lr,) is the smallest positive eigenvalue of (1.1), (1.2). Since r(Lr) is increasing, it follows that Ao(T) 1/r(LT) is decreasing for T > To. Finally, r(Lr_) < r(Lr) by the previous theorem, and hence A0(T0) >
A0(T, 1) > Ao(T).
We now shall concentrate on the characterization of the first focal point of the boundary value problem and corresponding results. Finally, if the first focal point r/ < T, then r(L,) _> 1. But Theorem 3.1 shows that r(L,) < r(LT), contradicting r(LT) 1. El We are also interested in the uniqueness of the function corresponding to the first focal point. If conditions can be placed on the p,'s so that LT is u0-positive with respect to KT, then Krasnosel'skii's Theorem 2.4 can be applied. In this direction, then, suppose that p_(t) > 0 for 6 u0-positive, and it follows by Theorem 2.5 that 1/,0(T) < 1. Therefore, by Theorem 3.5, the first focal point q >_ T. 13 As in the discussion preceding Theorem 3.4, the result still holds if we require that the last nontrivial coefficient function be strictly positive, and then modify the Banach space accordingly.
These conditions guaranteed that Lr was u0-positive and allowed the application of Theorem 2.5.
However, we can relax the requirement of u0-positivity, provided we add the condition Lrv O. 
